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ON UNSTABILZED GENUS THREE CRITICAL HEEGAARD
SURFACES
JUNGSOO KIM
Abstract. Let M be a compact orientable irreducible 3-manifold and H be an
unstabilized genus three Heegaard splitting of M . In this article, we will define
a simplicial complex of weak reducing pairs for H and find several properties of
this complex. Using this method, we will prove that an unstabilized Heegaard
splitting of genus three is critical in a certain condition. In addition, we will
show that the standard genus three Heegaard splitting for T 3 and the induced
Heegaard splitting of the three component chain exterior by a certain tunnel
system are critical as examples of the main theorem.
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1. Introduction and result
Throughout this paper, all surfaces and 3-manifolds will be taken to be compact
and orientable. In [1], Bachman introduced the concept “a critical surface” and
he proved several theorems about incompressible surfaces, the number of Heegaard
splittings with respect to its genus, and the minimal genus common stabilization.
Since a critical surface has disjoint compressions on it’s both sides, if the surface is
a Heegaard surface, then the splitting is weakly reducible, i.e. a critical Heegaard
splitting is a kind of weakly reducible splitting. But in some aspects, it shares com-
mon properties with strongly irreducible splittings. For example, if the splitting is
strongly irreducible or critical, then the manifold is irreducible (Lemma 3.5 of [2].)
Indeed, the intersection of an incompressible surface S and a Heegaard surface F
can be isotoped essential on both S and F if the splitting is critical or strongly
irreducible (see Theorem 5.1 of [1] and Lemma 6 of [12].) Bachman also proved
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Gordon’s conjecture by using the series of generalized Heegaard splittings and crit-
ical Heegaard splittings (see [2].) In his recent work [3], he also introduced the
concept “topologically minimal surfaces”, where a strongly irreducible surface is an
index 1 topological minimal surface, and a critical surface is an index 2 topological
minimal surface, this is a way to regard strongly irreducible surfaces and critical
surfaces in a unified viewpoint.
Although critical Heegaard splittings have many powerful properties as proved
in Bachman’s recent works, it is not easy to determine whether a weakly reducible
splitting is critical. For genus two 3-manifolds, a weakly reducible splitting is also
a reducible splitting (see [14], the proof can be extended easily to the case with
non-empty boundary.) Moreover, if a 3-manifold has a reducible splitting, then the
manifold is reducible or the splitting is stabilized (see [9].) Since a reducible man-
ifold cannot have a critical Heegaard splitting, we need to consider the manifolds
of genus at least three. In this article, we will prove Theorem 1.1.
Theorem 1.1. Let M be an orientable irreducible 3-manifold and H = (V,W ;F )
be an unstabilized genus three Heegaard splitting. Suppose that there is no weak
reducing pair such that each of both disks cuts off a solid torus in its compression
body. If we can choose two weak reducing pairs (D0, E0) and (D1, E1) such that
∂D0 ∩ ∂E1 6= ∅ and ∂D1 ∩ ∂E0 6= ∅ up to isotopy, then H is critical.
We can induce following corollary,
Corollary 1.2. Let M be a closed orientable irreducible 3-manifold and H =
(V,W ;F ) be an unstabilized genus three Heegaard splitting. Suppose that H is
not an amalgamation of two genus two splittings along a torus. If we can choose
two weak reducing pairs (D0, E0) and (D1, E1) such that ∂D0 ∩ ∂E1 6= ∅ and
∂D1 ∩ ∂E0 6= ∅ up to isotopy, then H is critical.
In 2002, Moriah proved that if an orientable 3-manifold has a weakly reducible
Heegaard splitting of minimal genus, thenM contains an essential surface of positive
genus (see [8].) (In 1987, Casson and Gordon proved this when M is closed and the
Heegaard splitting is irreducible (see [4].)) By using Bachman’s result (Theorem
5.1 of [1]), we can directly get the following corollary.
Corollary 1.3. Let M be an orientable irreducible genus three 3-manifold and
H = (V,W ;F ) be a minimal genus Heegaard splitting. Suppose that there is no weak
reducing pair such that each of both disks cuts off a solid torus in its compression
body. If we can choose two weak reducing pairs (D0, E0) and (D1, E1) such that
∂D0 ∩ ∂E1 6= ∅ and ∂D1 ∩ ∂E0 6= ∅ up to isotopy, then there is an essential surface
S of positive genus in M such that F ∩ S is essential on both F and S.
In a genus three Heegaard splitting, if each of both disks for a weak reducing pair
cuts off a solid torus in its compression body, then both disks are separating in their
compression bodies. Therefore, we can use Theorem 1.1 and its corollaries when if
there is no weak reducing pair whose two disks are separating in their compression
bodies.
This article is organized as follows. In section 2, we introduce some basic notions,
define the complex of weak reducing pairs WR, and find basic properties of WR,
especially about the criticality of a Heegaard surface, the shapes of simplices in
WR, and stabilizations of a Heegaard surface. In section 3, we will induce special
properties of WR when the manifold is irreducible, the splitting is unstabilzed,
ON UNSTABILZED GENUS THREE CRITICAL HEEGAARD SURFACES 3
and the genus is three. By using these properties, we will prove Theorem 1.1. In
section 4, we will find additional properties ofWR when the manifold is closed and
prove Corollary 1.2. In section 5, we will show that the standard splitting of genus
three for the three-torus T 3 is critical and find an incompressible surface S′ which
satisfies Corollary 1.3 as an example of Theorem 1.1. In addition, we will show that
the induced Heegaard splitting of the three component chain exterior by a certain
tunnel system is critical.
2. Critical surfaces and the complex of weak reducing pairs
A compression body is a 3-manifold which can be obtained by starting with some
closed, orientable, connected surface F , forming the product F × I, attaching some
number of 2-handles to F × {1} and capping off all resulting 2-sphere boundary
components that are not contained in F ×{0} with 3-balls. The boundary compo-
nent F × {0} is referred to as ∂+. The rest of the boundary is referred to as ∂−.
A Heegaard splitting of a 3-manifold M is an expression of M as a union V ∪F W ,
where V and W are compression bodies that intersect in a transversally oriented
surface F = ∂+V = ∂+W . We will use the expression (V,W ;F ) for a Heegaard
splitting. If (V,W ;F ) is a Heegaard splitting of M then we say that F is a Heegaard
surface. We say that the pair (D,E) is a weak reducing pair for F if D ⊂ V and
E ⊂W are disjoint compressing disks. A Heegaard surface is strongly irreducible if
it is compressible to both sides but has no weak reducing pairs. From now, we will
use the letter “D” for compressing disks in V , “E” for compressing disks in W , “F”
for the Heegaard surface in the given Heegaard splitting, and “H” for the name of
a Heegaard splitting.
Definition 2.1 (D. Bachman, Definition 3.3 of [2]). Let F be a Heegaard surface
in some 3-manifold which is compressible to both sides. The surface F is critical
if the set of all compressing disks for F can be partitioned into subsets C0 and C1
such that the follows hold.
(1) For each i = 0, 1 there is at least one weak reducing pair (Di, Ei), where
Di, Ei ∈ Ci.
(2) If D ∈ Ci and E ∈ Cj , then (D,E) is not a weak reducing pair for i 6= j.
Note that the definition of “critical surface” of [2] is significantly simpler and
slightly weaker, than the one given in [1]. In other words, anything that was
considered critical in [1] is considered critical here as well.
Let M be a compact orientable 3-manifold with possibly non-empty boundary,
and suppose that M has a weakly reducible Heegaard splitting H = (V,W ;F ).
Let D and D′ be compressing disks in V . By abuse of terminology, we will just
say that D ∩ D′ = ∅ (E ∩ E′ = ∅ resp.) if they are not isotopic in V (W resp.)
and D misses D′ (E misses E′ resp.). In the case D and D′ (E and E′ resp.) are
isotopic in V (W resp.), we will denote it as D = D′ (E = E′ resp.) even if D
misses D′ (E misses E′ resp.) Similarly, we will just say that ∂D ∩ ∂E = ∅ if
∂D and ∂E are not isotopic in F and ∂D misses ∂E. In the case ∂D and ∂E are
isotopic in F, we will denote it as ∂D = ∂E even if ∂D misses ∂E. Therefore, for
a weak reducing pair (D,E), we get either ∂D ∩ ∂E = ∅ or ∂D = ∂E. If there is a
weak reducing pair which holds the latter case, the splitting is reducible.
Definition 2.2. Define the complex of weak reducing pairs WR as follows.
(1) Each vertex of WR is a weak reducing pair for F .
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(2) Two vertices v = (D,E) and w = (D′, E′) in WR are the same if and only
if D = D′ and E = E′.
(3) Assign an edge (or a 1-simplex) e between two different vertices v = (D,E)
and w = (D′, E′) ∈ WR if (a) D = D′ and E ∩E′ = ∅, or (b) D ∩D′ = ∅,
and E = E′. The edge e between v and w is determined uniquely since it
is impossible that (a) and (b) occur simultaneously.
We define an n-simplex in WR by (n + 1)-vertices v0, · · · , vn if there is an edge
between vi and vj for every choice of i and j, where 0 ≤ i 6= j ≤ n. WR depends on
the manifold and the Heegaard splitting. If we need to make sure of the Heegaard
surface or the manifold, denote the complex as WR(F ) or WR(M ;F ).
It may be possible that an edge (D1, E)− (D2, E) exists but ∂D1 = ∂D2 if the
manifold has a sphere boundary. But if we consider irreducible manifolds other
than B3, then a Heegaard splitting consists of non-punctured compression bodies.
Therefore, if M is an irreducible manifold other than B3 and ∂D1 = ∂D2, then
we can isotope D1 and D2 in V so that D1 = D2 since a compression body is
irreducible. Similary, if M is an irreducible manifold other than B3, ∂D1∩∂D2 = ∅,
and ∂D1 is not isotopic to ∂D2 in F , then we can isotope D1 and D2 in V so that
D1 ∩D2 = ∅.
In section 8 of [2], D. Bachman considered a sequence of compressing disks
D = D0 − E = E0 −D1 − E1 − · · · −D′ = Dm − E′ = Em,
where (a) Di = Di+1 or Di ∩ Di+1 = ∅ and (b) Ei = Ei+1 or Ei ∩ Ei+1 = ∅
for each 0 ≤ i ≤ m − 1 and both (Di, Ei) for 0 ≤ i ≤ m and (Di+1, Ei) for
0 ≤ i ≤ m− 1 are weak reducing pairs. He defined the distance between two weak
reducing pairs (D,E) and (D′, E′) using the minimal length of this sequence. In
particular, if there is no such a sequence between them, the distance is defined as
∞. He also proved that if the distance between two weak reducing pairs is ∞,
then the Heegaard surface is critical. We can rewrite this result in terms of WR as
follows.
Proposition 2.3 (D. Bachman, Lemma 8.5 of [2]). If WR is disconnected, then
the Heegaard surface is critical.
Proof. We will prove that two vertices (D,E) and (D′, E′) in WR are connected
by a union of 1-simplices if and only if the distance between (D,E) and (D′, E′) is
finite. Therefore, this is equivalent to Lemma 8.5 of [2].
Suppose that (D,E) and (D′, E′) in WR are connected by a union of m 1-
simplices,
(D = D0, E = E0)−e1 (D1, E1)−e2 · · · −em (D′ = Dm, E′ = Em).
Each 1-simplex (Di−1, Ei−1) −ei (Di, Ei) denotes that (a) Di−1 = Di and Ei−1 ∩
Ei = ∅ or (b) Di−1∩Di = ∅ and Ei−1 = Ei. In both cases, we can assign a sequence
like following to ei,
Di−1 − Ei−1 −Di−1 − Ei −Di − Ei.
Similarly, for the 1-simplex (Di, Ei) −ei+1 (Di+1, Ei+1), we can assign a sequence
like following to ei+1,
Di − Ei −Di − Ei+1 −Di+1 − Ei+1.
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The sequence corresponding to ei ends with Di−Ei and that corresponding to ei+1
starts with Di − Ei. Therefore, if we connect these two sequences identifying the
common segment Di − Ei for all 1 ≤ i ≤ m− 1, then we get the wanted sequence,
i.e. the distance between (D,E) and (D′, E′) is finite.
Conversely, suppose that the distance between (D,E) and (D′, E′) is finite, i.e.
there is a sequence like following,
D = D0 − E = E0 −D1 − E1 − · · · −D′ = Dm − E′ = Em.
Now we will follow the procedure described below.
(1) Read the sequence from D0 − E0. Initially, we assign a vertex (D0, E0).
(2) For D0 − E0 −D1, if D0 ∩D1 = ∅, then we assign a 1-simplex e in WR,
(D0, E0)−e (D1, E0). If D0 = D1, then we define (D1, E0) as (D0, E0).
(3) For E0 − D1 − E1, if E0 ∩ E1 = ∅, then we assign a 1-simplex f in WR,
(D1, E0)−f (D1, E1). If E0 = E1, then we define (D1, E1) as (D1, E0).
(4) We repeat the steps (2) and (3), i.e. consider Di − Ei − Di+1 and Ei −
Di+1 − Ei+1 for all 1 ≤ i ≤ m− 1.
(5) Finish after the step Em−1 −Dm − Em.
Here, we get a union of 1-simplices which connects (D,E) and (D′, E′) inWR. 
In terms of WR, we can also get the following lemma.
Lemma 2.4 (D. Bachman, Lemma 8.4 of [2]). If there are two different vertices
v = (D,E) and w = (D,E′), or v = (D,E) and w = (D′, E) in WR, then there is
a path from v to w in WR.
We denote a 2-simplex ∆ determined by the three vertices u, v, w in WR as
u−e v−f w−g u, where e is the 1-simplex in ∆ between u and v, f is that between
v and w, and g is that between w and u.
Lemma 2.5. Suppose that ∆ is a 2-simplex in WR determined by three vertices
u, v, w. Then ∆ has the form (D,E)−e (D,E′)−f (D,E′′)−g (D,E) or (D,E)−e
(D′, E)−f (D′′, E)−g (D,E).
Proof. If ∆ does not have the form (D,E) −e (D,E′) −f (D,E′′) −g (D,E) or
(D,E)−e (D′, E)−f (D′′, E)−g (D,E), then we get two cases by fixing the initial
and terminal vertices as (D,E) and reading u−e v −f w −g u from the left.
Case 1. ∆ = (D,E)−e (D,E′)−f (D′, E′)−g (D,E).
From the edge e, E ∩ E′ = ∅. Therefore, we get D = D′ from the edge g, this
contradicts the existence of the edge f .
Case 2. ∆ = (D,E)−e (D′, E)−f (D′, E′)−g (D,E).
From the edge e, D ∩ D′ = ∅. Therefore, we get E = E′ from the edge g, this
contradicts the existence of the edge f . 
Lemma 2.6. Suppose that Σ is an n-simplex in WR determined by v0, · · · , vn.
Then the vertices of Σ have the form (a) v0 = (D0, E), · · · vn = (Dn, E) or (b)
v0 = (D,E0), · · · , vn = (D,En).
Proof. We will use an induction argument for n. For n = 2, we already proved in
Lemma 2.5. Suppose that the statement of Lemma 2.6 holds for n = k ≥ 2, and
consider a (k+1)-simplex Σ determined by v0, · · · , vk+1. Let ∆ be the k-subsimplex
of Σ determined by v0, · · · , vk, and ∆′ be the k-subsimplex of Σ determined by v0,
· · · , vk−1, vk+1. If we consider ∆, then we get the following two cases.
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D=D
EV
W
E
Figure 1. We can take a weak reducing pair (D,E) such that
D = D¯.
(1) the vertices of ∆ have the form v0 = (D0, E), · · · , vk = (Dk, E), or
(2) the vertices of ∆ have the form v0 = (D,E0), · · · , vk = (D,Ek).
In the case (1), the vertices of ∆′ have the form
v0 = (D0, E), · · · , vk−1 = (Dk−1, E), vk+1.
Since k ≥ 2, we can assume the existence of v1 = (D1, E). By the induction
hypothesis, vk+1 must have the form (Dk+1, E). Similarly, in the case (2), the
vertices of ∆′ have the form
v0 = (D,E0), · · · , vk−1 = (D,Ek−1), vk+1 = (D,Ek+1).
Therefore, the statement holds when n = k + 1. 
Let D¯ ⊂ V , E¯ ⊂ W be compressing disks, where ∂D¯ and ∂E¯ intersect trans-
versely in a single point. Such a pair of disks is called a canceling pair of disks for
the splitting. If there is a canceling pair, then we call the splitting stabilized.
Let F be a surface and D be a compressing disk of F . If we compress F along
D, we call the compressed surface “FD”. Lemma 2.7 gives a connection of a vertex
in WR with a stabilized Heegaard splitting.
Lemma 2.7. If {D¯, E¯} is a canceling pair of a Heegaard splitting H = (V,W ;F )
and the genus of F is at least two. Then, there is a weak reducing pair (D,E) such
that D = D¯ or E = E¯.
Proof. Let C the boundary of a regular neighborhood of ∂D¯∪∂E¯ in F . Then there
is a simple closed curve C ′ in F in the same isotopy class of C in F , such that C ′
bounds a disk in FE¯ (FD¯ resp.). If we push the interior of this disk slightly into W
(V resp), we get a disk E (D resp), such that D¯ ∩ E = ∅ (E¯ ∩D = ∅ resp). If we
choose D = D¯ (E = E¯ resp), then we get the wanted weak reducing pair (D,E)
(see Figure 1.) 
Definition 2.8. Let v = (D,E) be a vertex in WR.
(1) If there is a canceling pair {D¯, E¯} such that D = D¯, then we replace F by
FD, and redefine WR(F ) as WR(FD).
(2) If there is a canceling pair {D¯, E¯} such that E = E¯, then we replace F by
FE , and redefine WR(F ) as WR(FE).
(Of course, the Heegaard splitting is also changed if one of (1) and (2) holds since
the Heegaard surface is changed.) If one of (1) and (2) holds for a vertex v in WR,
we will call this procedure a destabilization of WR for the vertex v. We can repeat
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v
...
W
D1
Dn
E
Figure 2. If WR is n-stabilized, then there is an (n− 1)-simplex
determined by (D1, E), · · · , (Dn, E).
destabilizations of WR(F ) until we cannot destabilize WR(F ) for any vertex in
WR(F ). We call the resulting Heegaard splitting and WR(F ) unstabilized. If we
need n-destabilization steps to make WR unstabilized, we call the initial Heegaard
splitting n-stabilized and this procedure an n-destabilization.
Definition 2.9. If there exists n ∈ Z such that dim(∆) ≤ n for every simplex ∆
in WR and n is such a smallest integer, then we call n the dimension of WR.
If WR is n-stabilized, then it is easy to see that there are n mutually disjoint
non-isotopic essential disks D1, · · · , Dn in V , and an essential disk E in W s.t.
∂E ∩ ∂Di = ∅ for 1 ≤ i ≤ n (see Figure 2.) Therefore we get an (n− 1)-simplex by
n-vertices (D1, E), · · · , (Dn, E) in WR, i.e. the dimension of WR is at least n− 1.
3. The proof of Theorem 1.1
In this section, we will discuss about the proof of Theorem 1.1.
Assume M , H, and F as in Theorem 1.1. Since the only irreducible 3-manifold
which has a boundary component isomorphic to a 2-sphere is B3 and a Heegaard
splitting of genus three of B3 is stabilized by using Waldhausen’s Theorem (see
[15]), we do not consider B3 and assume that a boundary component of M is not
homeomorphic to a 2-sphere.
Suppose that there is an m-simplex ∆ in WR. If we compress F along the disks
of ∆, we get a union of surfaces. We will prove that if the splitting H is unstabilzed,
then there is no 2-sphere component determined by some disks of ∆ which come
from different compression bodies.
Lemma 3.1. Suppose that M is irreducible 3-manifold and H = (V,W ;F ) is an
unstabilized Heegaard splitting of M . Let ∆ be an m-simplex determined by the
vertices (D0, E), · · · , (Dm, E). Then, FD0···DmE cannot have a S2 component
determined by E and some Di’s. Similarly, if ∆ is determined by (D,E0), · · · ,
(D,Em), then we get the same result for FDE0···Em .
Proof. Suppose that there is a S2 component S in FD0···DmE determined by E and
some Di’s. We can assume that
S = S¯ ∪ (∪D¯i) ∪ (∪E¯j),
where S¯ is a planar surface, {D¯i}i is a set of parallel copies of the Di’s, and {E¯j}j
is a set of parallel copies of E. Note that {E¯j}j consists of a disk or two disks. Let
us consider a simple closed curve α in the interior of S¯ which separates ∪D¯i and
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∪E¯j in S. α bounds two disks B1 and B2 in S, where B1 contains ∪D¯i and B2
contains ∪E¯j . If we isotope the interior of B1 and B2 slightly, then we can assume
that B1 is properly embedded in V and B2 is properly embedded in W . Moreover
B1 and B2 are essential disks in their compression bodies otherwise each of the Di’s
is inessential in V or E is inessential in W . Therefore, the splitting is reducible, i.e.
the manifold is reducible or the splitting is stabilized (see Corollary 3.4.1 of [9].)
This contradicts the hypothesis of the lemma. 
Lemma 3.2. Suppose that M is an irreducible 3-manifold. Let H = (V,W ;F ) be
an unstabilized genus three Heegaard splitting of M . Then dim(WR) ≤ 1.
Proof. Let v = (D0, E) be a vertex in WR, and without loss of generality, suppose
that v is contained in an m-simplex ∆ determined by m+ 1 vertices (D0, E), · · · ,
(Dm, E). Now ∂D0, · · · , ∂Dm, and ∂E are mutually disjoint and non-isotopic
essential curves in F . (If some ∂Di is isotopic to ∂E in F , then the splitting is
reducible. But this leads that M is reducible or the splitting is stabilized.)
Case 1. ∂E is non-separating in F .
Case 1-1. FD0···DmE is connected.
This means that ∂D0, · · · , ∂Dm, and ∂E are non-separating in F . Now FD0···DmE
is a surface whose genus is at most one. If FD0···DmE is a torus, then we get m = 0.
Otherwise, FD0···DmE is a 2-sphere and m = 1, but this contradicts Lemma 3.1.
Case 1-2. FD0···DmE has two or more components.
In this case, there are one or two components in FD0···DmE such that each of
these components is determined by E and some Di’s. Let F¯D0···DmE be one of
such components and suppose that E and D0, · · · , Dk, without loss of generality,
determine F¯D0···DmE . If there are two such components, then we choose the one
which makes k smallest as F¯D0···DmE . Assume that Dj is superfluous to determine
F¯D0···DmE if j > k. We can assume that the genus of F¯D0···DmE is at least one by
Lemma 3.1.
Case 1-2-1. If k = 0, then either ∂E ∪ ∂D0 cuts F into two twice-punctured
tori where ∂D0 is also non-separating in F or ∂D0 is separating in F .
Assume that the former case. Suppose that m ≥ 1 and let T be the twice-
punctured torus component which ∂D1 in contained in. Then, ∂D1 is an essential
simple closed curve in T which is not ∂-parallel. If ∂D1 is separating in T , then
∂D0 ∪ ∂D1 ∪ ∂E cuts off a pair of pants P from F . Hence, FD0D1E has a S2 com-
ponent determined by D0, D1, and E. If we apply Lemma 3.1 to the 1-subsimplex
of ∆ determined by (D0, E) and (D1, E), then we get a contradiction. If ∂D1 is
non-separating in T , then FD0D1E has a S
2 component determined by D0, D1, and
E. Also, we get a contradiction similarly. Therefore, we get m = 0.
Now we assume the latter case. Let FD0 = F
′
D0
∪ F ′′D0 , where g(F ′D0) = 2 and
g(F ′′D0) = 1. Suppose that ∂E ⊂ F ′′D0 . Since ∂E is not isotopic to ∂D0 in F , ∂E
must be essential in F ′′D0 , i.e. FD0E has a S
2-component determined by D0 and E.
If we apply Lemma 3.1 to the 0-subsimplex of ∆ determined by (D0, E), then we
get a contradiction. Therefore, we get ∂E ⊂ F ′D0 . Moreover, k = 0 implies ∂D1,· · · , ∂Dm ⊂ F ′′D0 . Since there is only one isotopy class for non-trivial disjoint simple
closed curves in F ′′D0 , we get m ≤ 1. (We do not consider the curves isotopic to
∂D0.) In particular, ∂D1 must be non-separating in F if it exists.
Case 1-2-2. If k ≥ 1 and at least two of ∂D0, · · · , ∂Dm are separating in
F . Assume that ∂Dα and ∂Dβ for 0 ≤ α 6= β ≤ m are separating in F . Then,
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FDαDβ = F
′
DαDβ
∪ F ′′DαDβ ∪ F ′′′DαDβ , where the three components of FDαDβ are
genus one surfaces. Let F ′DαDβ (F
′′′
DαDβ
resp.) be the one determined by only
Dα (Dβ resp.) and F
′′
DαDβ
be the one determined by both Dα and Dβ . Suppose
that ∂E ⊂ F ′DαDβ or F ′′′DαDβ . In this case, ∂E is essential in F ′DαDβ or F ′′′DαDβ ,
respectively. This means that we get a 2-sphere component in FDαDβE determined
by E and Dα, or E and Dβ . Therefore, if we apply Lemma 3.1 to the 1-subsimplex
of ∆ determined by (Dα, E) and (Dβ , E), then we get a contradiction. Now we
suppose that ∂E ⊂ F ′′DαDβ . We can assume that there are two disks D′α and D′β
in F ′′DαDβ such that D
′
α (D
′
β resp.) is a parallel copy of Dα (Dβ resp.). If ∂E is
inessential in F ′′DαDβ , then ∂E bounds a disk in F
′′
DαDβ
containing D′α and D
′
β in
its interior. In this case, ∂E is separating in F , which contradicts the assumption
of Case 1. If ∂E is essential in F ′′DαDβ , then we get a contradiction similarly as
when ∂E ⊂ F ′DαDβ or F ′′′DαDβ .
Case 1-2-3. If k ≥ 1 and exactly one of ∂D0, · · · , ∂Dm, say ∂Dα for some
α (0 ≤ α ≤ m), is separating in F . Then, FDα = F ′Dα ∪ F ′′Dα , g(F ′Dα) = 2, and
g(F ′′Dα) = 1. Here, we get ∂E ⊂ F ′Dα by Lemma 3.1. Therefore, there is some
∂Dj ⊂ F ′Dα for 0 ≤ j 6= α ≤ m by the assumption k ≥ 1. If we compress F ′Dα along
E, then (F ′Dα)E is a torus. We can assume that there are three disks E
′, E′′, and
D′α in (F
′
Dα
)E where E
′ (E′′, D′α resp.) is a parallel copy of E (E, Dα resp.) If ∂Dj
is inessential in (F ′Dα)E , then ∂Dj bounds a disk in (F
′
Dα
)E containing (1) E
′ and
E′′, (2) E′ and D′α, (3) E
′′ and D′α, or (4) E
′, E′′ and D′α in its interior. In any
case, there is a S2-component in FDαDjE determined by Dj and E or Dα, Dj and
E. Hence, if we apply Lemma 3.1 to the 1-subsimplex of ∆ determined by (Dα, E)
and (Dj , E), then we get a contradiction. If ∂Dj is essential in (F
′
Dα
)E , then we
get a S2-component in FDαDjE . Therefore, We get a contradiction similarly.
Case 1-2-4. If k ≥ 1 and all of ∂D0, · · · , ∂Dm are non-separating in F , then
we can find two of them ∂Dα and ∂Dβ for 0 ≤ α 6= β ≤ m such that ∂Dα ∪ ∂Dβ
separate F . (Suppose not, i.e. FDαDβ is connected for any choice of α and β for
0 ≤ α 6= β ≤ m. If ∂E is inessential in FDαDβ , then there is a S2-component
in FDαDβE determined by E and one or both of Dα and Dβ . Hence, if we apply
Lemma 3.1 to the 1-subsimplex of ∆ determined by (Dα, E) and (Dβ , E), then
we get a contradiction. Hence ∂E is essential in FDαDβ . Since FDαDβ is a torus,
FDαDβE is a 2-sphere. Therefore, we get a contradiction similarly.) Now we get
FDαDβ = F
′
DαDβ
∪ F ′′DαDβ , where each of F ′DαDβ and F ′′DαDβ is a torus. Without
loss of generality, assume that ∂E ⊂ F ′DαDβ . If ∂E is inessential in F ′DαDβ , then
there is a S2-component in FDαDβE determined by Dα, Dβ , and E. Hence, if we
apply Lemma 3.1 to the 1-subsimplex of ∆ determined by (Dα, E) and (Dβ , E),
then we get a contradiction. If ∂E is essential in F ′DαDβ , then this also contradicts
to Lemma 3.1 similarly.
Case 2. ∂E is separating in F .
In this case, FE = F
′
E ∪ F ′′E , where g(F ′E) = 2 and g(F ′′E) = 1. By Lemma 3.1,
∂D0, · · · , ∂Dm ⊂ F ′E .
Case 2-1. If some ∂Dα for 0 ≤ α ≤ m is separating in F , then FDαE =
F ′DαE ∪ F ′′DαE ∪ F ′′′DαE where each component is a torus. Let F ′DαE (F ′′′DαE resp.)
be the component determined by only Dα (E resp.) and F
′′
DαE
be the component
determined by both Dα and E. If m = 0, then proof ends. Now we assume that
m ≥ 1. Suppose that there is ∂Dβ for 0 ≤ β 6= α ≤ m which inessential in FDαE .
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Figure 3. 1-simplex cases
If ∂Dβ ⊂ F ′DαE or F ′′′DαE , then ∂Dβ is isotopic to ∂Dα or ∂E respectively, i.e. a
contradiction. Therefore, ∂Dβ ⊂ F ′′DαE . In this case, there is a S2-component in
FDαDβE determined by Dα, Dβ , and E. If we apply Lemma 3.1 to the 1-subsimplex
of ∆ determined by (Dα, E) and (Dβ , E), then we get a contradiction. Therefore,
∂Dβ is essential in FDαE for 0 ≤ β 6= α ≤ m. Since all components of FDαE are
tori, Lemma 3.1 forces ∂Dβ to be in F
′
DαE
. Moreover, we get m ≤ 1 since ∂Dβ is
not isotopic to ∂Dα in F and there is only one isotopy class of disjoint essential
simple closed curves in F ′DαE . In particular, ∂Dβ is non-separating in F if m = 1.
Case 2-2. If all ∂Di for 0 ≤ i ≤ m is non-separating in F , then ∂D0, · · · , ∂Dm
represent different isotopy classes of non-separating curves in F ′E . (Suppose that
∂Dα is isotopic to ∂Dβ in F
′
E for 0 ≤ α 6= β ≤ m. Using this isotopy, we get an
annulus which ∂Dα and ∂Dβ bound in F
′
E , i.e. there is a S
2-component in FDαDβE
determined by Dα, Dβ , and E. Hence, if we apply Lemma 3.1 to the 1-subsimplex
of ∆ determined by (Dα, E) and (Dβ , E), then we get a contradiction.) If m = 0,
then the proof ends. If m ≥ 1, then (F ′E)D0D1 must contain a S2-component
determined by D0, D1, and E, i.e. FD0D1E does so. Hence, if we apply Lemma
3.1 to the 1-subsimplex of ∆ determined by (D0, E) and (D1, E), then we get a
contradiction. 
Corollary 3.3. Assume M , H, and F as in Lemma 3.2. If (D0, E) and (D1, E)
determine a 1-simplex in WR, then ∂D0 is separating and ∂D1 is non-separating
in F without loss of generality. Moreover, ∂D0 ∪ ∂D1 cuts off a pair of pants from
F , and F˜ does not have compressing disks in V other than those parallel to D0
where F˜ ⊂ F is obtained from the once-punctured genus two component of F −∂D0
removing ∂E. We get the same result if (D,E0) and (D,E1) determine a 1-simplex
in WR.
Proof. In the proof of Lemma 3.2, we have two cases whenWR has a 1-simplex, i.e.
m = 1, Case 1-2-1 and Case 2-1. In each case, one of ∂D0 and ∂D1 is separating
and the other is non-separating in F . (In Case 1-2-1, the separating one is ∂D0
and the non-separating one is ∂D1. In Case 2-1, the separating one is ∂Dα and the
non-separating one is ∂Dβ .) Moreover, the separating one cuts off a once-punctured
torus from F , and the non-separating one is a non-separating simple closed curve in
this torus. Therefore, ∂D0 ∪ ∂D1 cuts off a pair of pants from F (see Figure 3, the
left one is when ∂E is non-separating and the right one is when ∂E is separating
in F .) Since dim(WR) ≤ 1, the last statement is obvious. 
By Lemma 3.2 we can assume thatWR is a 1-dimensional graph if it is not a set
of vertices. Suppose that two vertices v1 = (D1, E1) and v2 = (D2, E2) determine
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an edge e in WR. Let us label e “D” (“E” resp.) if E1 = E2 (D1 = D2 resp.) and
call e a D-edge (an E-edge resp.)
Lemma 3.4. Assume M , H, and F as in Lemma 3.2. If there are two adjacent
edges e and f in WR such that e is determined by (D0, E) and (D1, E) and f is
determined by (D1, E) and (D2, E), i.e. both edges are labelled “D”, then ∂D1 is
non-separating, and ∂D0, ∂D2 are separating in F . We get the same result if both
edges are labelled E.
Proof. By Corollary 3.3, we have the following two cases.
Case 1. ∂D0 and ∂D2 are non-separating, and ∂D1 is separating in F .
Case 2. ∂D0 and ∂D2 are separating, and ∂D1 is non-separating in F .
We will show that we only get Case 2. Suppose that Case 1 holds. Let FD1 =
F ′D1 ∪ F ′′D1 , where g(F ′D1) = 1 and g(F ′′D1) = 2. Let V ′ be the part of V that F ′D1
bounds in V . If we consider the edge e, then ∂D0 ⊂ F ′D1 since ∂D0 ∪ ∂D1 cuts
off a pair of pants from F by Corollary 3.3. The existence of the edge e implies
D0 ∩D1 = ∅, i.e. D0 ⊂ V ′. Hence, we can compress F ′D1 along the disk D0 in V ′
and get a 2-sphere S. Since ∂−V does not have a 2-sphere component, the inside
of S in V must be a 3-ball, i.e. V ′ is a solid torus and D0 is a meridian disk of
V ′. If we use Corollary 3.3 for the edge f , then D2 is also a properly embedded
disk in V ′ and both of D0 and D2 must be meridian disks of V ′. Therefore, D0 is
isotopic to D2 in V
′ and we can assume that this isotopy misses D1. This means
D0 is isotopic to D2 in V , which is a contradiction. 
Definition 3.5. If there is a maximal connected subgraph of WR whose edges
are labelled only D and it consists of two or more edges, we call it a “D-cluster”.
Similarly, we can define an “E-cluster”. In a D-cluster (an E-cluster resp.), all
vertices have the same E-disk (D-disk resp.).
Lemma 3.6. A D-cluster does not contain a loop. Moreover, there is only one
vertex in a D-cluster which is adjacent to two or more edges in the D-cluster. We
get the same result for an E-cluster.
Proof. If a D-cluster have a subgraph like v′ −e1 v −e2 w −e3 w′ where e1 and e2
share a vertex v and e2 and e3 share a vertex w (v 6= w), then the boundary of the
D-disk of v must be non-separating in F by applying Lemma 3.4 to v′−e1 v−e2 w.
But if we apply Lemma 3.4 to v−e2w−e3w′ again, then we get the previous D-disk
is separating in F , which is a contradiction. Therefore, a D-cluster cannot have
a line segment of length 3 or more. By the definition of WR, there is no loop of
length at most two, i.e a D-cluster cannot have a loop.
Suppose that v¯ and w¯ are different vertices in a D-cluster such that each of
both is adjacent to two or more edges in the D-cluster, i.e. there are different two
edges e1v and e
2
v (e
1
w and e
2
w resp.) in the D-cluster containing v¯ (w¯ resp.). Since
a D-cluster is connected, there is a path l from v¯ to w¯ in the D-cluster. We can
assume that l does not contain both e1v and e
2
v since there is no loop in a D-cluster.
Similarly, l does not contain both e1w and e
2
w. Without loss of generality, assume
that e1v and e
1
w are not contained in l. If we consider e
1
v ∪ l ∪ e1w, then it is a line
segment of length at least three in the D-cluster, i.e. a contradiction. Therefore,
there is only one vertex in a D-cluster which is adjacent to two or more edges in
the D-cluster. 
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(D0, E)
(D1, E)
(D2, E)
(D3, E)
(D4, E)
(D5, E)
···
Figure 4. An example of a D-cluster inWR. (D0, E) is the center
and other vertices are hands.
Definition 3.7. By Lemma 3.6, there is a unique vertex in a D-cluster (an E-
cluster resp.) adjacent to two or more edges in the cluster. We call it “the center of
a D-cluster (an E-cluster resp.)”. We call the other vertices “hands of a D-cluster
(an E-cluster resp.).” See Figure 4. Note that if an edge v −e w is contained in a
D-cluster (an E-cluster resp.), then one of v and w is the center of the cluster and
the other is a hand.
Lemma 3.8. Assume M , H, and F as in Lemma 3.2 and consider WR. Every
edge of WR is contained in some D-cluster or E-cluster. Moreover, every D- or
E- cluster has infinitely many edges.
Proof. Without loss of generality, assume that there is an edge e labelled D, say
(D0, E) −e (D1, E). By Corollary 3.3, we can assume that ∂D0 is separating and
∂D1 is non-separating in F . If we compress F along D1, then FD1 bounds the part
of V which misses D1, say V
′, in V . Let D′1 and D
′′
1 be two parallel copies of D1 on
FD1 . Let us consider two disks D¯
′
1 and D¯
′′
1 such that D¯
′
1 (D¯
′′
1 resp.) is obtained by
extending D′1 (D
′′
1 resp.) slightly on FD1 and pushing its interior into V
′ so that it
is properly embedded in V ′ (see Figure 5), and an arc α connecting ∂D¯′1 and ∂D¯
′′
1
on FD1 which misses ∂D¯
′
1, ∂D¯
′′
1 , and ∂E on its interior. If we perform the band
sum of D¯′1 and D¯
′′
1 along α in V
′, then we get a properly embedded disk Dα0 in
V ′ which is ∂-parallel in V ′. Dα0 is an essential separating disk in V and we can
assume that Dα0 misses D1 and E. Therefore, we get an edge (D
α
0 , E)−eα (D1, E)
in WR. We claim that there are infinitely many isotopy classes of Dα0 in V . If we
compress FD1 again along E, then α is represented by an arc connecting ∂D¯
′
1 and
∂D¯′′1 on FD1E which misses ∂D¯
′
1, ∂D¯
′′
1 , and the boundary of a parallel copy of E
(if ∂E is separating in FD1) or two parallel copies of E (if ∂E is non-separating
in FD1) on its interior. Note that the genus of each component of FD1E must be
one, otherwise we can find a S2-component in FD1E determined by D1 and E and
we get a contradiction by applying Lemma 3.1 to the 0-simplex (D1, E). Let F¯D1E
be the component of FD1E containing α. Since g(F¯D1E) = 1, there are infinitely
many isotopy classes of such arcs (see Figure 6, we do not fix the endpoints of the
arcs on ∂D¯′1 and ∂D¯
′′
1 when we consider these isotopies.) Moreover, if such arcs are
non-isotopic, then the resulting disks are also non-isotopic in V . 
Lemma 3.9. Assume M , H, and F as in Lemma 3.2 and consider WR. If there
are consecutive two edges with different labels in WR, then either the boundary
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D01
D¯01D¯001
D001
@E
↵
V 0
Figure 5. An arc α connecting ∂D¯′1 and ∂D¯
′′
1
n  times
· · · D¯01 D¯001
the disks from E
↵
F¯D1E
Figure 6. There are infinitely many isotopy classes of α.
curves of corresponding four disks are all disjoint or the D-cluster and the E-cluster
containing the D-edge and the E-edge respectively have the common center. In the
latter case, we can replace a separating disk among the four disks by a new separating
disk in the same compression body so that the resulting four disks are all disjoint.
Proof. Let (D0, E0) −e (D1, E0) −f (D1, E1) be the two edges, where e is labelled
D and f is labelled E. By Corollary 3.3, we get a situation like Figure 3 for each
edge, but in the case of f , we need to consider one D-disk and two E-disks. Since
D0, D1, and E0 are all disjoint, and D1, E0, and E1 are also all disjoint by the
existence of the edges e and f , we will prove that ∂E1∩∂D0 = ∅ or the both clusters
guaranteed by Lemma 3.8 have the common center. Let the separating one be Di
and the non-separating one be Dj between D0 and D1. Let FDi = F
′
Di
∪F ′′Di , where
g(F ′Di) = 2 and g(F
′′
Di
) = 1. We already know that ∂E0 ⊂ F ′Di and ∂Dj ⊂ F ′′Di by
Corollary 3.3.
Case 1. ∂E1 ∩ ∂Dj 6= ∅, i.e. j = 0. (so i = 1)
In this case, the existence of the vertex (D1, E1) implies that ∂E1 ∩ ∂Di = ∅.
Moreover, ∂E1 ⊂ F ′′Di from ∂E1 ∩ ∂Dj 6= ∅. But if ∂E1 is non-separating in F ,
then ∂E1 is essential in F
′′
Di
, i.e. E1 and Di determine a S
2 component of FDiE1 .
Hence, if we apply Lemma 3.1 to the 0-simplex (Di, E1), we get a contradiction. If
∂E1 is separating in F , then it must be isotopic to ∂Di, it is also a contradiction.
Case 2. ∂E1 ∩ ∂Dj = ∅.
If j = 0, then the proof ends. Therefore, assume that j = 1 (so i = 0.) If we apply
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Corollary 3.3 to the edge f , then one of ∂E0 and ∂E1 is separating and the other is
non-separating in F . Let ∂Ek be the separating one and ∂El be the non-separating
one. Here, ∂D1 (∂El resp.) goes into the genus two component (the genus one
component resp.) of FEk again by Corollary 3.3.
Case 2-1. ∂E1 ∩ ∂Di 6= ∅.
Suppose that l = 1, (so k = 0). Let FEk = F
′
Ek
∪ F ′′Ek , where g(F ′Ek) = 2 and
g(F ′′Ek) = 1. Here, ∂Di must go into F
′
Ek
(if ∂Di ⊂ F ′′Ek , then it must be parallel
to ∂Ek since ∂Di is separating in F and g(F
′′
Ek
) = 1.) Since ∂El ∩ ∂Di 6= ∅ from
the assumption of Case 2-1, ∂El also goes into F
′
Ek
. But we already know that
∂Dj = ∂D1 is contained in F
′
Ek
from the assumption of Case 2. If we compress F ′Ek
along Dj and El, then (F
′
Ek
)DjEl must have a 2-sphere component determined by
Dj , Ek, and El since ∂Dj and ∂El are two disjoint non-separating simple closed
curves in F ′Ek . Hence, if we apply Lemma 3.1 to the 1-simpex f , then we get a
contradiction. Therefore we get l = 0 (so k = 1), i.e. both ∂D1 and ∂E0 (∂D0
and ∂E1 resp.) are non-separating (separating resp.) in F . Let D (E resp.) be
the D-cluster (the E-cluster resp.) containing the edge e (f resp.) Since the D-disk
(E-disk resp.) for the center of a D-cluster (an E-cluster resp.) is non-separating in
its compression body by Lemma 3.4, the vertex (D0, E0) ((D1, E1) resp.) cannot
be the center of D (E resp.) Therefore, (D1, E0) is the common center of both D
and E .
Now we will prove that there is another edge (D1, E0)−g (D1, E2) in E such that
E2 ∩D0 = ∅. If we compress F along D0, then FD0 = F ′D0 ∪F ′′D0 where g(F ′D0) = 2
and g(F ′′D0) = 1. We get ∂E0 ⊂ F ′D0 and ∂D1 ⊂ F ′′D0 by applying Corollary 3.3 to
the edge e. If we compress F ′D0 again along E0, then we get a torus F¯D0E0 . There
are two parallel copies E′0 and E
′′
0 of E0 and one parallel copy D
′
0 of D0 in F¯D0E0 . If
we use the band sum arguments by using an arc connecting E′0 and E
′′
0 missing ∂E
′
0,
∂E′′0 , and ∂D
′
0 on its interior as in the proof of 3.8, then we can find an essential
separating disk E2 in W such that E2 ∩D0 = E2 ∩D1 = E2 ∩ E0 = ∅. Therefore,
we get an edge (D1, E0) −g (D1, E2) which is contained in E . By the existence of
the edge g, three disks D1, E0, and E2 are all disjoint. Since we already know that
D0, D1, and E0 are all disjoint by the existence of the edge e, E2 ∩D0 = ∅ means
that D0, D1, E0, and E2 are all disjoint.
Case 2-2. ∂E1 ∩ ∂Di = ∅.
In this case, ∂E1 ∩ ∂D0 = ∅, i.e. the proof ends. 
Corollary 3.10. Assume M , H, and F as in Lemma 3.2. There are consecutive
two edges with different labels, (D¯, E˜)−e (D˜, E˜)−f (D˜, E¯) in WR if and only if the
disks D¯, D˜ ⊂ V and E¯, E˜ ⊂W hold the following conditions.
(1) Four boundary curves of the disks represent different isotopy classes in F .
(2) One of ∂D¯ and ∂D˜ (∂E¯ and ∂E˜ resp.) is separating and the other is
non-separating in F .
(3) ∂D¯ ∪ ∂D˜ cuts off a pair of pants from F , and so does ∂E¯ ∪ ∂E˜. Moreover,
both pairs of pants are disjoint in F if the four disks are all disjoint.
(4) Either (A) the four disks are all disjoint, or (B) we can replace one sepa-
rating disk among these disks by another separating disk in the same com-
pression body so that the resulting four disks are all disjoint and satisfying
the conditions (1), (2), and (3).
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V
@E˜
@D˜
@D¯@E¯
Figure 7. An example of the boundaries of four disks satisfying
the four conditions of Corollary 3.10
Proof. (⇐) This is obvious since we can assume the four disks D¯, D˜, E¯, and E˜ are
all disjoint.
(⇒) Suppose that there are consecutive two edges with different labels, (D¯, E˜)−e
(D˜, E˜) −f (D˜, E¯) in WR. If a D-disk and an E-disk share their boundaries, then
the splitting is reducible, i.e. the manifold is reducible or the splitting is stabilized,
this is a contradiction. Moreover, D¯ and D˜ (E¯ and E˜ resp.) cannot share their
boundaries by the existence of edge e (f resp.). Therefore, we get the condition
(1).
If we use Corollary 3.3 for both edges, we get the condition (2).
Suppose that the four disks are all disjoint. Let PD (PE resp.) be the pair of
pants which D¯∪ D˜ (E¯ ∪ E˜ resp.) cuts off from F by Corollary 3.3. If PD ∩PE 6= ∅,
then one of both belongs to the interior of the other since the boundary curves are
disjoint. Assume that PE ⊂ int(PD) without loss of generality. Then, either some
component of ∂PE is inessential in PD (so also in F ) or each component of ∂PE is
isotopic to some component of ∂PD in F , any of both cases gives a contradiction.
Therefore, we get the condition (3).
If the four disks are all disjoint, then we get the condition (4). Assume that
some disk among them intersects the union of the others. This means that Case
2-1 of the proof of Lemma 3.9 holds. Therefore, we can assume that D¯, D˜, and E˜
are all disjoint and D˜, E˜, and E¯ are all disjoint, but E¯ intersects D¯. Moreover, we
can replace E¯ by another separating disk E¯′ in W so that we can make an edge
(D˜, E˜) −g (D˜, E¯′) and D¯, D˜, E˜, and E¯′ are all disjoint as in the proof. We can
check that this four disks satisfy the conditions (1), (2), and (3) since the edges e
and g are also consecutive two edges with different labels. 
We can imagine something like Figure 7 if there exist four disks satisfying the
four conditions of Corollary 3.10 and they are all disjoint. The thick curves are
separating and the thin curves are non-separating in F .
Now we introduce the key theorem of this article. The idea of this theorem is to
isolate one cluster from another cluster in WR.
Theorem 3.11. Let M be an irreducible 3-manifold and H = (V,W ;F ) be an
unstabilized genus three Heegaard splitting of M . Suppose that there is no choice of
four disks D¯, D˜ ⊂ V and E¯, E˜ ⊂W which satisfy the four conditions of Corollary
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3.10. If we can choose two weak reducing pairs (D0, E0) and (D1, E1) such that
∂D0 ∩ ∂E1 6= ∅ and ∂D1 ∩ ∂E0 6= ∅ up to isotopy, then H is critical.
Proof. If (D0, E0) and (D1, E1) represent the same vertex in WR, then we get
D0 = D1. But D0 ∩ E0 = ∅ leads D1 ∩ E0 = ∅, which contradicts the assumption
of this theorem. Hence, (D0, E0) and (D1, E1) are different vertices in WR. If
dim(WR) = 0, then the proof ends by Proposition 2.3. Therefore, assume that
dim(WR) = 1 by Lemma 3.2. We will prove that there is no path connecting
(D0, E0) and (D1, E1) in WR to use Proposition 2.3. If there is a path from
(D0, E0) to (D1, E1) in WR, then each of both vertices belongs to some edge.
Hence, Lemma 3.8 forces each of both vertices to be contained in some D- or E-
cluster. Now we get the three cases.
Case 1. (D0, E0) and (D1, E1) belong to the same D-cluster (E-cluster resp.).
In this case, E0 = E1 (D0 = D1 resp.). But the weak reducing pair (D0, E0) means
that ∂D0 ∩ ∂E0 = ∅, i.e. ∂D0 ∩ ∂E1 = ∅ (∂D1 ∩ ∂E0 = ∅ resp.), which contradicts
the assumption of this theorem.
Case 2. (D0, E0) belongs to some D-cluster (E-cluster resp.) and (D1, E1)
belongs to another D-cluster (E-cluster resp.)
Suppose that there is a path connecting two vertices, (D0, E0)−e1− · · ·−en (D1, E1)
inWR. This path must contain an edge labelled E (D resp.) otherwise two clusters
are united, but this goes to Case 1 and leads a contradiction. Therefore, we can
find a line segment of length two in WR whose edges are labelled differently in the
union of the path and these two clusters. This line segment gives the four disks
satisfying the four conditions of Corollary 3.10, which contradicts the assumption
of this theorem.
Case 3. (D0, E0) belongs to some D-cluster (E-cluster resp.) and (D1, E1)
belongs to some E-cluster (D-cluster resp.).
Suppose that there is a path connecting two vertices. Since two clusters have
different labels, we can find a line segment of length two in WR whose edges are
labelled differently in the union of the path and these two clusters, this gives a
contradiction as in Case 2. 
Now we will prove Theorem 1.1. Let M , H, F , D0, D1, E0, and E1 be those in
Theorem 1.1.
We divide the proof into the two cases.
Case 1. There is no weak reducing pair whose two disks are separating in their
compression bodies.
If there is a choice of four disks satisfying the four conditions of Corollary 3.10, then
we can assume that these four disks are all disjoint, i.e. the two separating disks
among them correspond to a weak reducing pair, which contradicts the assumption
of Case 1. Therefore, there is no choice of four disks satisfying the four conditions
of Corollary 3.10. Hence, we can use Theorem 3.11. This completes the proof.
Case 2. There is a weak reducing pair whose two disks are separating in their
compression bodies.
We will prove that we cannot choose four disks D¯, D˜ ⊂ V , E¯, E˜ ⊂W satisfying
the four conditions of Corollary 3.10.
Suppose that such four disks exist and assume that D¯ ⊂ V and E¯ ⊂ W are
separating disks among these four disks. (So D˜ and E˜ are non-separating in their
compression bodies.)
ON UNSTABILZED GENUS THREE CRITICAL HEEGAARD SURFACES 17
Since we can assume D¯ ∩ E¯ = ∅, ∂D¯ ∪ ∂E¯ cuts F into three pieces F ′, F ′′, and
F ′′′, where F ′ (F ′′′ resp.) is the once-punctured torus determined by only ∂D¯ (∂E¯
resp.) in F and F ′′ is the twice-punctured torus determined by both ∂D¯ and ∂E¯ in
F . Since the Heegaard splitting H must be irreducible (otherwise, M is reducible
or the splitting is stabilized), we can ignore the possibility that ∂D¯ is isotopic to
∂E¯ in F . D¯ (E¯ resp.) cuts off a solid torus or T 2 × I from V (W resp.) where
T 2 is a torus. By the assumption of this theorem, we can assume that at least one
of D¯ and E¯, say D¯ without loss of generality, cuts off T 2 × I from V , say V ′. Let
T be the torus component of ∂−V which realizes the product V ′. Our assumption
means that V ′ is the part of V which F ′ ∪ D¯ bounds in V .
Since ∂D¯ ∪ ∂D˜ cuts off a pair of pants from F from Corollary 3.10, ∂D˜ must
be a non-separating essential simple closed curve in the interior of F ′, i.e. D˜ is a
compressing disk for F ′ = ∂V ′ ∩ ∂+V . Since D¯ is a separating disk in V and D˜ is
disjoint from D¯, we get D˜ ⊂ V ′, i.e. F ′ is compressible in V ′ ∼= T 2 × I, this is a
contradiction
Therefore, we can use Theorem 3.11. This completes the proof.
4. The proof of Corollary 1.2
In this section, we will prove Corollary 1.2. First, we consider the following
lemmas.
Lemma 4.1. Let M be a closed 3-manifold, H be a genus three Heegaard splitting
of M , F be the Heegaard surface. M has a weak reducing pair such that the two
disks are separating in their handlebodies and the boundaries of both disks are not
isotopic in F if and only if M = M1∪TM2, where each Mi has a genus two Heegaard
splitting for i = 1, 2, T is a torus, and H can be represented as an amalgamation
of these genus two splittings along T .
Proof. (⇐) Let the Heegaard splitting ofM1 (M2 resp.) be (V+,W+;F1) ((V−,W−;F2)
resp.), and W+ ∩ V− = T . Since a compression body with non-empty minus
boundary components can be represented as a union of a product of its minus
boundary components and 1-handles, W+ = (T × I) ∪ (a 1-handle) and V− =
(T × I)∪ (a 1-handle). Let T be the 0-level in T × I of W+ and V− and the attach-
ing disks for the 1-handles go into the 1-levels in these products. In order to proceed
the amalgamation, isotope the attaching disks of both 1-handles so that they can
be disjoint after the projection into T (see Figure 8.) Note that the projection
function may also be changed during this isopoty so that the projection images of
these attaching disks do not intersect one another. Let us consider tho curves CE
and CD in T such that CE (CD resp.) bounds a disk in T and this disk contains the
projection images of the attaching disks for W+ (V− resp.) in its interior. Make
sure that the disk for CE is disjoint from that of CD. By using the projection
function, we can find the corresponding curve C¯E in ∂+W+ (C¯D in ∂+V− resp.).
Consider a disk E ⊂W+ (D ⊂ V− resp.) such that ∂E = C¯E (∂D = C¯D resp.) like
Figure 8. Obviously, D and E are separating in their compression bodies. After
amalgamation, D and E are disjoint separating disks in their handlebodies and the
boundary of one is not isotopic to that of the other in the resulting Heegaard surface.
(⇒) Suppose that there is a weak reducing pair (D,E) where both disks are
separating and the boundaries of both disks are not isotopic in F . Let D ⊂ V and
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Figure 8. In the amalgamation case, we can find a weak reducing
pair where both disks are separating.
E ⊂ W . Now FDE consists of three tori F ′DE , F ′′DE , and F ′′′DE , where F ′DE (F ′′′DE
resp.) bounds a solid torus V ′ in V (W ′ in W resp.). Find a meridian disk D′ (E′
resp.) in V ′ (W ′ resp.) such that D′ (E′ resp.) is disjoint from D (E resp.). Let
T be the surface FD′E′ . Then, F is obtained from T by attaching boundaries of
two 1-handles whose cocores are D′ and E′ and removing the interiors of attaching
disks of these handles. Now we get the right figure of Figure 8. Since V ′ ∩W ′ = ∅,
(D′, E′) is a weak reducing pair. Therefore, if we perform the weak reduction by
(D′, E′), then we get the generalized Heegaard splitting where both thick surfaces
are of genus two and the unique thin surface is torus. 
Lemma 4.2. Assume M , H, and F as in Lemma 3.2 and considerWR. If there is
an edge labelled D (E resp.) in WR whose E-disk (D-disk resp.) is non-separating
in its compression body, then WR must have a line segment of length two whose
edges are labelled differently.
Proof. Without loss of generality, suppose that there is an edge (D0, E)−e (D1, E)
in WR, ∂D0 is separating, ∂D1 is non-separating, and ∂E is non-separating in F
by Corollary 3.3 and the assumption of this lemma.
Let F ′D0 be the genus two component of FD0 . We can check that ∂E ⊂ F ′D0 and
∂D1 ∩ F ′D0 = ∅ by Corollary 3.3. If we compress F ′D0 along E again, then (F ′D0)E
is a torus. Let E′ and E′′ be two parallel copies of E0 and D′0 be a parallel copy of
D0 in (F
′
D0
)E . If we using the band sum arguments by using an arc connecting E
′
and E′′ missing ∂E′, ∂E′′, and ∂D′0 on its interior as in the proof of Lemma 3.8,
we get a family {Eα} of infinitely many essential separating disks in W which miss
E and D0. Choose a disk Eα from {Eα}, and make an edge (D0, Eα) −f (D0, E)
labelled E. Therefore, (D0, Eα) −f (D0, E) −e (D1, E) is the wanted line segment
of length two whose edges are labelled differently. 
Corollary 4.3. Assume M , H, and F as in Lemma 3.2, consider WR, and add
the assumption that M is closed. If dim(WR) = 1, then WR must have a line
segment of length two whose edges are labelled differently.
Proof. Without loss of generality, suppose that there is an edge (D0, E)−e (D1, E)
in WR, ∂D0 is separating, and ∂D1 is non-separating in F by Corollary 3.3. If
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∂E is non-separating in F , then the proof ends by Lemma 4.2. Therefore, assume
that ∂E is separating in F , i.e. E is separating in W . Hence, E cuts W into a
solid torus W ′ and a genus two handlebody, where W ′ is bounded by F˜ ∪E in W .
(F˜ is a once-punctured torus which ∂E cut off from F .) Let Em be a meridian
disk of W ′. Isotope Em in W ′ so that ∂Em is contained in the interior of F˜ . Let
F¯ be the once-punctured genus two component of F − ∂D0. Since ∂E ⊂ F¯ by
Corollary 3.3 and ∂E cuts F¯ into a twice-punctured torus and a once-punctured
torus (otherwise, ∂E is isotopic to ∂D0 in F¯ ), we get either F˜ ⊂ F¯ or F˜ is of
genus two. The latter case contradicts that F˜ is a once-punctured torus. Hence,
∂D0 ∩ ∂Em = ∅, i.e. we get an edge (D0, Em) −f (D0, E) labelled E. Therefore,
(D0, Em) −f (D0, E) −e (D1, E) is the wanted line segment of length two whose
edges are labelled differently. 
Let us prove Corollary 1.2. If M is not an amalgamation of two genus two
splitting along a torus, then we cannot choose a weak reducing pair whose disks
are separating in their hadlebodies by Lemma 4.1. (Since M is irreducible and
the splitting is unstabilized, the splitting is irreducible, i.e. we can get rid of the
possibilities of weak reducing pairs whose disks have isotopic boundaries.) Hence,
there is no weak reducing pair such that each of both disks cuts off a solid torus in
its compression body since the genus of the splitting is three. Therefore, if we use
Theorem 1.1, then the proof ends.
In addition, we can induce some equivalent conditions for dim(WR) = 0 when
M is closed.
Corollary 4.4. Let M be a closed orientable irreducible 3-manifold and H =
(V,W ;F ) be an unstabilized weakly reducible genus three Heegaard splitting. Then,
the following three statements are equivalent.
(1) There is no weak reducing pair such that each of both disks cuts off a solid
torus in its handlebody.
(2) H cannot be represented as an amalgamation of genus two splittings along
a torus.
(3) dim(WR) = 0.
Proof. Since M is irreducible, (1) and (2) are equivalent by Lemma 4.1. Therefore
we will prove that (1) and (3) are equivalent.
(1)⇒(3) Suppose that dim(WR) = 1, i.e. the negation of dim(WR) = 0 by
Lemma 3.2. Then, WR must have a line segment of length two whose edges are
labelled differently by Corollary 4.3. This gives the four disks D¯, D˜ ⊂ V and E¯,
E˜ ⊂ W satisfying the four conditions of Corollary 3.10. Let D¯ and E¯ be the two
separating disks among them. Since we can assume D¯ ∩ E¯ = ∅, we get a weak
reducing pair of separating disks (D¯, E¯). By the assumption that M is closed, D¯
(E¯ resp.) cuts off a solid torus from V (W resp.).
(3)⇒(1) Suppose that dim(WR) = 0. Suppose that there is weak reducing pair
(D,E) such that each of both disks cuts off a solid torus in its handlebody. Let the
solid torus which D cuts off from V be V ′ and Dm be a meridian disk of V ′. If we
isotope Dm in V
′ so that ∂Dm misses D, then we get a 1-simplex (D,E)− (Dm, E)
in WR, i.e dim(WR) = 1 and this gives a contradiction. Therefore, There is
no weak reducing pair such that each of both disks cuts off a solid torus in its
handlebody. 
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Figure 9. The standard Heegaard splitting of genus three of T 3,
and its compressing disks which realize the critical Heegaard split-
ting.
5. Examples of Theorem 1.1
5.1. The three-torus T 3. It is well known that T 3 = (torus)×S1 has the unique
minimal genus three Heegaard splitting (see Theorem 4.2 of [5] and Theorem 5.7
of [11].)
Let C be a cube {(x, y, z) ∈ R3| − 1 ≤ x, y, z ≤ 1} (see (a) of Figure 9.) If we
identify the three pairs of opposite faces of C, we get a 3-torus M = (torus)× S1.
Let q : C →M be the quotient map. An image by q of a tubular neighborhood of
union of three axis in C is a genus three handlebody V . Let M − V be W . Then
it is easy to see that W is also a genus three handlebody. This is the standard
Heegaard splitting of genus three for T 3.
We will prove that this splitting is critical by using Theorem 1.1. If there is a
weak reducing pair for the standard splitting of genus three for T 3, then both disks
are non-separating in their handlebodies (see Lemma 6 of [6].) Therefore, there
is no choice of a weak reducing pair such that each of both disks cuts off a solid
torus in its handlebody. By the existence of the weak reducing pairs (D0, E0) and
(D1, E1) as in Figure 9, we can induce that this splitting is critical by Theorem 1.1.
This is an example of dim(WR) = 0 (see Corollary 4.4.) Also we can check that the
standard splitting of genus three for T 3 cannot be represented by an amalgamation
of two genus two Heegaard splittings along a torus by Corollary 4.4.
Let us check Corollary 1.3 for this example. Let S be the horizontal torus in T 3
in the left of Figure 10 and F be the Heegaard surface of this splitting. Since the
fibers of the torus bundle T 3 = T 2×S1 is incompressible in T 3, S is incompressible.
Here, we can check that S ∩F is inessential in S. Let c be an essential closed curve
in S as in the left of Figure 10. If we push S upward along c until we get the right
of Figure 10, then we get a torus S′ isotopic to S. S′ ∩ F consists of two circles,
where each of both is depicted as a dotted curve in the right of Figure 10. These
curves are all essential in both F and S′. Therefore, S′ is the surface satisfying
Corollary 1.3.
Note that there is another proof to show that this splitting is critical (see [7].)
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Figure 10. S′ is satisfying Corollary 1.3.
a1 a2
E0E1
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T2
T3
Figure 11. A tunnel system of the three component chain
5.2. The three component chain exterior. Let M be the exterior of the three
component chain pictured in Figure 11. (The manifold M may also be considered
as P × S1, where P is a pair of pants.) Let T1, T2, and T3 be the three boundary
components of ∂M , and let us consider two arcs a1 and a2 such that T1 and T2 (T3
and T2 resp.) are connected by a1 (a2 resp.) as in Figure 11. It is easy to show that
{a1, a2} is a tunnel system for M . Therefore we get a Heegaard splitting (V,W ;F )
of M , where V is a genus three compression body whose minus boundary consists of
T1, T2, and T3 and W is a genus three handlebody. If the splitting is stabilized, then
we can reduce the tunnel system. But a compression body whose minus boundary
consists of three tori must be of at least genus three, we cannot reduce this tunnel
system, i.e. the splitting is unstabilized. Let D0 (D1 resp.) be the cocore of a1 (a2
resp.) and E0 (E1 resp.) be the compressing disk for W depicted as in Figure 11.
Here, (D0, E0) and (D1, E1) are weak reducing pairs. Moreover, D0 ∩ E1 6= ∅ and
D1 ∩ E0 6= ∅. If there is an essential separating disk in V , then it cannot cut off a
compression body with empty minus boundary from V . That is, there is no weak
reducing pair such that each of both disks cuts off a solid torus in its compression
body. Therefore, this splitting is critical by Theorem 1.1.
Now we claim that dim(WR) = 1. Let E¯0 and E˜0 be two parallel copies of E0
as in Figure 12. If we consider the band sum of E¯0 and E˜0 by the arc α connecting
E¯0 and E˜0 as in Figure 12, then we get an essential separating disk E
′ in W . Since
E′ ∩D0 = ∅, (D0, E0)− (D0, E′) is a 1-simplex in WR. This example means that
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E¯0
E˜0
↵
Figure 12. We can find the disk E′ by the band sum of two
parallel copies of E0
the first statement and the third statement of Corollary 4.4 are not equivalent for
manifolds with non-empty boundary.
Note that E. Sedgwick proved that this splitting is not of minimal genus in [13].
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